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Abstrat. We propose a method to analyze the dynamis of systems exhibiting
slow relaxation whih is based on mesosopi non-equilibrium thermodynamis. The
method allows us to obtain kineti equations of the Fokker-Plank type for the
probability funtional and their orresponding Langevin equations. Our results are
ompared with the ones obtained by other authors.
1. Introdution
The problem of the glass transition has attrated muh attention in the past years, and
has been subjet of intense experimental, omputational and theoretial investigations.
Mode oupling theories and replia tehniques have been able to apture some trends
of the phenomenology of these systems. Although interesting theoretial results have
been obtained by means of those theories, the understanding of the problem is far from
being omplete [1, 2℄.
Superooled liquids and olloids near a glass transition are haraterized by a
extremely slow relaxation of the density variable. As the glass transition is essentially
a dynami transition, it beomes important to provide a dynamial desription of
the evolution of the density variable. In addition, the presene of slow dynamis in
suh systems emphasizes the importane of the ativated proesses, sine they are the
main mehanism able to make the system evolve and esape from its trapping in the
metastable states. A omplete desription of these systems should then take into aount
suh proesses.
In this paper we present a simple mesosopi formalism able to derive kineti
equations of the Fokker-Plank type for the probability funtional of the density elds
in superooled liquids and dense olloidal systems. This approah is based on the
hypothesis of loal equilibrium in the phase spae of the system, whih allows us to
desribe the proesses leading to variations in the state of these systems by means
of non-equilibrium thermodynamis. The extension of that theory to the mesosopi
level of desription has been referred to as mesosopi non-equilibrium thermodynamis
[3℄-[9℄.
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The plan of the paper is as follows. In Setion 2, we derive the kineti equation
for the probability distribution funtional of the momentum density and mass density
elds. By adiabati elimination of the momentum density we obtain the kineti
equation desribing the slow dynamis, giving the ongurational hanges in the system.
In Setion 3, we introdue utuations of the distribution funtionals obtaining the
orresponding Langevin equation. Finally, in Setion 4, we onlude summarizing our
main results.
2. Kineti equations
We onsider the system, either a pure liquid or a olloidal suspension, as a ontinuum
divided in tiny ells of volume v0. In eah ell we dene a mass density ρ(r) and a
momentum density g(r) = ρv, with r being the position vetor of a ell and v the
veloity eld. For simpliity, we will introdue the ompat notation {Γ} ≡ {ρ, g}.
Let us onsider P̂ ({Γ} , t) as the distribution funtional in phase spae, normalized
aording to the relation∫
P̂ ({Γ} , t)δΓ = N, (1)
where N is the number of possible states in phase spae. Related to this distribution
funtional we introdue the phase spae entropy S(P̂ ({Γ} , t)), whih satises the Gibbs
equation introdued by mesosopi non-equilibrium thermodynamis [10℄
△ S = −
1
T
∫
µ({Γ} , t)△ P̂ ({Γ} , t)δΓ. (2)
Here T is the temperature, and µ represents a hemial potential dened in phase spae
satisfying
µ =
δS
δP̂
. (3)
Its expression an be obtained with the help of the Gibbs entropy postulate [10℄
S = −k
∫
P̂ ln
P̂
P̂ l.eq.
δΓ + Sl.eq., (4)
where k is the Boltzmann onstant. In this expression
P̂ l.eq. = exp {−β [µo +HK {Γ}+HU {ρ}]} (5)
is the distribution funtional at loal equilibrium, with β = 1/kT , and µo the hemial
potential at loal equilibrium. Moreover, we have dened the kineti energy funtional
HK {ρ, g} =
1
2
∫
g(r)2
ρ(r)
dr, (6)
and the potential energy funtional
HU {ρ} =
∫
f {ρ} dr (7)
where f {ρ} is the free energy density funtional.
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By taking variations in eq. ( 4) we an obtain
△ S = −k
∫
△P̂ ln
P̂
P̂ l.eq.
δΓ +△Sl.eq., (8)
where
△ Sl.eq. = −
1
T
µo △N = −
1
T
∫
µo △ P̂ δΓ. (9)
Thus, after omparison of eqs. (2) and (8) we an infer the expression of the hemial
potential
µ = µo + kT ln
P̂
P̂ l.eq.
. (10)
We now assume that the distribution funtional evolves aording to the ontinuity
equation
∂P̂
∂t
+
∫ (
δ
δρ
ρ˙P̂ +
δ
δg
· g˙P̂
)
dr = −
∫
δ
δg
· Jgdr, (11)
where the dot over the eld variables indiates time derivative and Jg is a diusive
urrent in momentum spae.
>From eqs. (2) and (11) we an obtain the rate of the entropy variation that is
written as
∂S
∂t
=
∂eS
∂t
+
∑
. (12)
In this expression, we an identify the rst term on the right hand side as the rate
at whih entropy is supplied to the system by its surroundings through the external
onstrains, given by
∂eS
∂t
=
1
T
∫ ∫
µ
(
δ
δρ
ρ˙P̂ +
δ
δg
· g˙P̂
)
drδΓ. (13)
The seond ontribution orresponds to the entropy produed inside the system due to
the irreversible proesses, whose value is∑
= −
1
T
∫ ∫
Jg ·
δµ
δg
δΓdr, (14)
where a partial integration has been performed. This entropy prodution has the usual
form of ux-fore pairs from whih we an infer the phenomenologial relation
Jg = −
1
T
∫
L(r, r′) ·
δµ
δg
dr′, (15)
where the Onsager oeients L satisfy the Onsager relations L(r, r′) = L(r′, r)†, in
whih
†
stands for the Hermitian onjugated. By omputing the funtional derivative
and assuming loality in the oordinates, i.e. L(r, r′) = L(r)δ(r − r′), one obtains
Jg = −H(r) ·
(
β−1
δ
δg
+
δHK
δg
)
P̂ , (16)
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where H(r) ≡ L(r)/T P̂ an be interpreted as a mobility tensor. Its expression follows
from the Navier-Stokes equation [11℄
H(r) = −η
(
1
3
▽▽+ 1▽2
)
− ξ ▽▽ (17)
with η and ξ being the shear and bulk visosities, respetively, and 1 the unit tensor.
By introduing the urrent we have obtained in eq. (16) into the ontinuity equation
(11) and using the expressions of ρ˙ and g˙ given by the reversible part of the Navier-Stokes
equation [11℄, this yields
∂P̂
∂t
=
∫ {
δ
δρ
▽ ·g +
δ
δg
·
[
ρ▽
δHU
δρ
+▽ ·
gg
ρ
]
+
δ
δg
·H(r) ·
[
β−1
δ
δg
+
δHK
δg
]}
P̂ dr, (18)
whih onstitutes the funtional Fokker-Plank equation for the probability distribution
funtional P̂ ({Γ} , t).
In the diusive regime, when equilibration in momentum has ourred and only
ongurational hanges are possible, this equation simplies onsiderably. To ahieve
the orresponding equation we dene the redued distribution funtional
P ({ρ} , t) ≡
∫
P̂ δg (19)
and the urrent
Jρ ≡
∫
gP̂ δg. (20)
By applying the time derivative to eq. (19) and using eq. (18) we obtain
∂P
∂t
=
∫
δ
δρ
▽ ·Jρdr. (21)
The probability urrent dened through eq. (20) evolves aording to
∂Jρ
∂t
=
∫
g
∂P̂
∂t
δg
=
∫ ∫
δP̂
δρ(r′)
g(r)▽ ·g(r′)δgdr −
∫
P̂ ▽ ·
gg
ρ
δg − ρP ▽
δHU
δρ
−
1
ρ
H · Jρ, (22)
where we have used eq. (18), and partial integration have been performed taking into
aount that δg(r)/δg(r′) = δ(r − r′). We now assume that 1
ρ
H · Jρ ≃ τ
−1Jρ, where
τ is the harateristi time sale of the inertial regime. In the diusive regime when
τ ≪ t, assuming equilibration in momentum we an write [12℄
P̂ = Φ {Γ}P ({ρ} , t), (23)
where
Φ = Z {ρ}−1 exp
(
−β/2
∫ △g2
ρ
dr
)
(24)
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is a loal Maxwellian with △g = g − 〈g〉ρ, being 〈g〉ρ =
1
P
∫
gP̂ δg the onditional
average, and
Z {ρ} = Zo exp
{
3
2vo
∫
ln
[
ρ(r)
ρo
]
dr
}
, (25)
with ρo being the uniform mass density of the system. Thus, by substituting eq. (23) in
eq. (22), performing momentum integration and eliminating inertial terms we ahieve
[7℄
Jρ = −τρ(r)▽
(
kT
δ
δρ
+
δH
δρ
)
P (26)
with
H {ρ} = HU − kT lnZ = HU −
3kT
2vo
∫
ln
[
ρ(r)
ρo
]
dr − kT lnZo, (27)
where we have used the result
∫
g(r)g(r′)Φδg = kT1ρ(r)δ(r − r′). Finally, by
substitution of the urrent Jρ , given in eq. (26) into eq. (21) we obtain
∂P
∂t
= −τkT
∫
δ
δρ(r)
[▽ · ρ(r)▽]
{
δ
δρ(r)
+ β
δH
δρ(r)
}
Pdr, (28)
whih onstitutes the funtional Fokker-Plank equation in the diusive regime, in
whih τkT plays the role of a diusion oeient. The stationary solution is the
Boltzmann distribution funtional Pst ∼ exp (−βH) [13℄, thus satisfying detailed
balane. This equation has been previously obtained in [12℄ by means of projetion
operator tehniques. It should be mentioned, as already been pointed out [12℄, that the
presene of a diusive term in this equation inorporates the existene of hopping or
ativated proesses.
3. Flutuating kineti equations
Our purpose in this setion is to study the dynamis of the utuations in the
distribution funtional around a given referene distribution. To this purpose, we will
onsider that the distribution solution of eq. (18) orresponds to the average value over
an initial distribution in phase spae. Consequently, the atual value of the distribution
funtional will dier from the solution of eq. (18) in the presene of utuations.
In our derivation of the Fokker-Plank equation, we will inorporate suh
utuations by applying utuating hydrodynamis in phase spae [5℄. Thus, we will
split up the urrent Jg into systemati and random ontributions
Jg = J
S
g + J
R
g . (29)
The former is given preisely by the linear law (15) whereas the latter denes a Gaussian
white noise stohasti proess of zero mean and utuation-dissipation theorem given
by
〈JRg ({Γ} , r, t)J
R
g ({Γ
′} , r′, t′)〉
P̂o
= 2kLδ({Γ} − {Γ′})δ(r − r′)δ(t− t
′
), (30)
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where L has been dened in eq. (15), and P̂o is an initial probability distribution.
When employing the deomposition (29) in the ontinuity equation (11), we obtain
∂P̂ ∗
∂t
= −
∫ (
δ
δρ
ρ˙P̂ ∗ +
δ
δg
· g˙P̂ ∗ +
δ
δg
· JSg +
δ
δg
· JRg
)
dr, (31)
where P̂ ∗ is the utuating probability distribution. This equation an also be expressed
as
∂P̂ ∗
∂t
=
∫ {
δ
δρ
▽ ·g +
δ
δg
·
[
ρ▽
δHU
δρ
+▽ ·
gg
ρ
]
+
δ
δg
·H(r) ·
[
β−1
δ
δg
+
δHK
δg
]}
P̂ ∗dr +
∫ δ
δg
· JRg dr, (32)
whih orresponds to the utuating funtional Fokker-Plank equation.
Using the same adiabati elimination proedure performed in the previous setion
we an obtain the utuating funtional Fokker-Plank equation in the diusive regime,
yielding
∂P ∗
∂t
= −τkT
∫
δ
δρ(r)
[▽ · ρ(r)▽]
{
δ
δρ(r)
+ β
δH
δρ(r)
}
P ∗dr+ τ
∫
δ
δρ
▽·
∫
JRg δgdr.(33)
>From this equation it is possible to get the Langevin equation for the rst moment
of the distribution funtional, dened through
ρ(r, t) =
∫
ρ(r)P ∗({ρ} , t)δρ(r). (34)
By multiplying eq. (33) by ρ(r) and integrating one obtains
∂ρ(r, t)
∂t
= τkT
∫
[▽ · ρ(r)▽]
{
δ
δρ(r)
+ β
δH
δρ(r)
}
P ∗δρ(r) + η(r, t), (35)
where η(r, t) = −τ ▽ ·
∫
JRg δρδg is the noise term, whose orrelation, after eq. (30) is
used, is given by
〈η(r, t)η(r′, t
′
)〉 = 2kTτ ▽r ·ρ(r, t)▽r′ δ(r − r
′)δ(t− t
′
). (36)
The rst term inside the braket in eq. (35) is the noise-indued drift [14℄, whih arises
from the nonlinear harater of the dynamis whih is due to the density dependene of
the kineti oeient.
Assuming P ∗ = δ ({ρ} − {ρ}), eq. (35) yields
∂ρ (r, t)
∂t
= τ ▽ ·ρ(r, t)▽
δH ({ρ(r, t)})
δρ(r, t)
+ η(r, t) (37)
whih oinides with the stohasti equation in terms of the number density eld ρ (r, t)
in Refs. [13℄, [15℄-[19℄. The average over the noise of eq. (37) yields the mean eld
equation proposed in Ref. [20℄
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4. Conlusions
In this paper, we have proposed a method to obtain Fokker-Plank equations for the
probability distribution funtional of the density elds for a liquid in the framework
of mesosopi non-equilibrium thermodynamis [7℄. Keeping the essentials of non-
equilibrium thermodynamis, and extending its range of validity to the mesosopi
domain we have proposed a Gibbs equation where the entropy depends on the probability
distribution funtional in phase spae. The peuliar dynamis of glassy systems enables
one to assume the existene of two dynamial regimes, one related to the fast proesses
or inertial regime, the other related to the slow relaxation proesses or diusive regime.
After, adiabati elimination of the fast degrees of freedom [7℄, we have obtained the
Fokker-Plank equation for the probability distribution funtional of the uid mass
density, whih desribes the slow dynamis of the system. The previous desription is
independent of the underlying mirosopi model. The important requirement is the
existene of well separated time and length sales in the system, whih sustain the
validity of the loal equilibrium hypothesis in phase spae. Superooled liquids and
dense olloidal suspensions are known to satisfy this requirement.
At mesosopi level we have onsidered the hydrodynami elds of the liquid
as stohasti variables whose deterministi dynami is governed by the Navier-Stokes
equations. From these equations we an identify the phenomenologial oeients in
the kineti equations. We have also analyzed utuations of the distribution funtional
by adding a stohasti ontribution to the urrent in phase spae whih satises a
utuation-dissipation theorem. From this proedure we obtain a Langevin equation
for the mass density.
One of the advantages of the formalism we have proposed in this paper is that the
dynami desription in terms of a probability funtional provides a omplete information
of the slow dynamis of the system. In addition, its validity is not restrited to the
partiular situations addressed in this paper. The same kind of desription is perfetly
appliable to a wide variety of dierent situations, among whih we an mention the
ases of granular materials [21℄ or nuleation and phase transitions in inhomogeneous
media [23, 22℄.
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